In this study, experimental demonstration of a static Fourier transform spectrometer (static-FTS), based on division of the spectrum into multiple narrowband signals, is presented. The bandpass sampling technique used in this novel spectrometer solves the Nyquist sampling rate limitations and enables recording of wideband spectrum in high resolution. The proposed spectrometer not only has the potential of operating in a wide spectral range, but also has a resolution potential better than 2 cm À1 .
Introduction
Broadband, high signal-to-noise (S/N) ratio, and highresolution spectrometers are highly in demand for industrial applications, environmental measurements, and for scientific measurements. [1] [2] [3] [4] [5] The spectrometers can be classified essentially in two categories: dispersive spectrometers and Fourier transform spectrometers (FTS). Dispersive spectrometers rely on the diffraction of light from the diffraction gratings (DG), while the FTS relies on the self-interference of light through an interferometer with a variable path-length difference (PLD); the most common interferometer used for this purpose is a Michelson interferometer. [6] [7] [8] The PLD for light interference through a Michelson interferometer is generally created in two different ways: via a moving system or a static mechanism (static-FTS). In a moving system, one of the mirrors is fixed in space while the second one is translated to produce the PLD. Different static-FTSs based on different interferometer configurations, such as the static Michelson interferometer with one flat mirror and one staircase mirror in which the individual stairs create a range of PLD, 9, 10 MachZehnder or Michelson interferometers that use an array of step gratings with each grating having a different step height, 11 spatially modulated prism, 12 etc. are already proposed and implemented.
The FTSs, in general, have some advantages over dispersive spectrometers such as the multiplex (Fellgett's advantage), the high throughput (Jacquinot's advantage), and the wavelength accuracy (Connes' advantage). 8, 13 In FTSs with a moving mechanism, a very high resolution and precise distance sampling is required to satisfy the Nyquist sampling rate, which is a complicated and costly process. Hence, static mechanisms are developed to overcome this drawback of the moving mechanism-based FTSs. However, the existing static-FTSs have to operate either at longer wavelengths or in a narrowband spectrum, and in general they have low resolution. 9, 14 Also, fabrication of staircase mirrors in nano or micro scales is costly and requires high-tech facilities.
Here we demonstrate for the first time the operation of a potentially broadband, high-resolution, and low-cost static-FTS that uses a bandpass sampling technique as discussed earlier. 15, 16 Because the sampling rate of a bandpass signal depends on the signal bandwidth and the central frequency rather than the highest frequency, it can be sampled with a lower frequency rather than twice the highest frequency (required otherwise according to Nyquist sampling theorem), which in the FTS concept means larger sampling steps for the moving mirror 17 are acceptable . This is a
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Here the sampling frequency is lower than the Nyquist rate, and the recovery of the original signal is accomplished by a numerical translation of the bandpass filtered sampled signal to its original frequency. If the highest frequency of the signal is equal to an integer multiple of the bandwidth of the signal, then sampling with twice the bandwidth will produce perfectly inter-woven shifted spectral replicas. In this example, we show a general case where, depending on the sampling frequency, the lowest shifted spectral replica may have the correct spectral orientation or the flipped spectral orientation. Therefore, in order to recover the original signal after sampling we have to calculate two sets of frequencies:
where M is the nearest integer M ¼ f L =f s and f s is the sampling frequency. Then, the smaller of f b and f 0 b determine the starting frequency of the bandpass filter that recovers the original signal. If f 0 b is smaller, the recovered spectrum has to be flipped numerically. Frequency is the common variable for electrical signals but here we deal with optical signals; therefore, it is more appropriate to use the wavelength. Hence, for a bandpass optical signal, sampling step d does not have to obey Nyquist sample rate limitation but can be set in a range as:
where l S and l L are the shortest and the longest wavelengths in the signal spectrum, respectively, and m is defined as any integer number l L =ðl L À l S Þ. Therefore, if a broadband signal is divided into multiple narrowband channels, and if a sampling step d can be found that is common for all the channels, one can use a static-FTS with staircase mirrors with that common sampling step size.
Experimental Set-Up
Experimental configuration is composed of two integral parts: the first one is a double diffraction grating structure to disperse the input spectrum in a horizontal direction so that each column of the charge-coupled device (CCD) will receive a narrow band of the spectrum, and the second one is a static Michelson interferometer to make different PLDs in the vertical direction, as illustrated in Fig. 2 . After the pinhole in the input section, light is reflected from a curved mirror to a pair of gratings. First, diffraction grating receives the light as a vertical strip and disperses horizontally as a function of wavelength and the second diffraction grating collimates this beam in the horizontal (y direction). For a double diffraction grating structure, as shown in Fig. 3 , the relevant equations for the diffraction angles at wavelength l n are as follows:
where d is the diffraction grating period, p is the order of diffraction, and angles are as indicated on Fig. 3 . If the D is the distance between the grating pair and the CCD pixel dimension is P, one can write L ¼ P= cosðgÞ and
Then, we can simply calculate the wavelength l nþ1 that falls on the adjacent pixel:
where U ¼ tan À1 ðtan b n þ P=D cos gÞ. Therefore, ignoring the inter-pixel spacing, the spectral range per pixel is ðl nþ1 À l n Þ.
The second part of the spectrometer, which is composed of a beam-splitter (BS), a flat mirror, and a staircase mirror (in actual set-up, a diffraction grating in Littrow configuration is used), works as follows: the collimated beams at the output of the double diffraction grating structure enter the BS, then split into two different arms; one arm is reflected from the flat mirror and the other one is reflected from the stair-case mirror. The reflected beams from these mirrors interfere on a CCD camera which is placed on the back of the BS, as depicted in Fig. 2 . The reflected light experiences different PLDs due to the staircase mirror which is realized by a diffraction grating in Figure 1 . (a) A bandpass signal X(f) with bandwidth B. Sampled signal spectrum is given as X s ð f Þ ¼ P Xð f AE Nf s Þ, and depending on the sampling rate, the lowest shifted spectral replica is exactly the same orientation (b) or the flipped version of the original spectrum (c).
Littrow configuration. On the CCD, the x-direction is allocated for PLD variation and the y-direction is allocated for spectral segments (bandpass signals). In order to obtain the spectrum of a segment (call it I(y)), we must calculate the Fourier transform on the pixels of the yth column on the CCD. When the interferometer is configured with a flat mirror and a staircase mirror, the total electric field on the mth pixel of a segment would beẼ ¼ẼðkÞ cosðotÞþ EðkÞ cosðot þ 2mkdÞ, where k is the wavenumber and d is the step size, as illustrated in Fig. 4 . Then, the time averaged recorded intensity I with a distribution of wavelengths is given as:
where A(k) is the spectrum of interest. However, here we have used a diffraction grating in Littrow configuration to realize the staircase mirror since it solves the fabrication issues of the micro staircase mirrors, and it is possible to use off-the-shelf diffraction gratings. This configuration is equivalent to a mirror with N sub-steps per pixel, as shown in Fig. 4 . For a staircase mirror with N sub-steps and a single wavelength, the electric field (Ẽ) on the mth pixel of the CCD can be calculated as:
In the experiments, we used a diffraction grating with 1200 g/mm and blaze angle of 26. 4 , which the total N ¼ 7 grooves match a pixel width of the CCD. Therefore, the interferogram intensity in this case, after some algebra, is given as:
where A(k) is the amplitude of the signal with wavenumber k and S ¼ 0:5 þ cosð2kÁÞ þ cosð4kÁÞ þ cosð6kÁÞ, d is the staircase mirror depth, and Á is the depth of diffraction grating grooves, as shown in Fig. 4 . In order to calculate the A(k), we calculate the Fourier transform of the recorded intensity I, then divide it by 14S. An important note here is that in the ideal case where the interferogram intensity is calculated with Eq. 6, 50% of the input signal appears as a DC signal, while in our case here (Eq. 8), the DC value is about 75%. This means reduction in signal contrast or visibility in our actual experimental configuration. For the proof of principle experiments, we recorded 140 nm wide spectrum of signals in the range of 525-665 nm with a 1280 Â 1024 pixel CCD camera. The pixel dimension of 5.25 mm is a common acceptable sampling step for these 1280 narrowband signals (calculated with Eq. 2) except the three segments. For this particular example, the segments 253, 534, and 848 violate the BPS theorem; therefore, for those segments the resolution will be limited to the resolution of the dispersive section/dimension. It is important to note here again that when this spectrum range has to be recorded with a traditional static-FTS, the sampling steps must be < 262 nm (stair depth of 132 nm) due to Nyquist sampling theorem.
Results and Discussion
The unique configuration of our proposed spectrometer actually allows the resolution and bandwidth selection independently. The delay part determines the pixel resolution and the number of segments determine the overall bandwidth of the spectrometer. The device bandwidth is limited by the CCD array width for a given dispersion from the grating pair, here in our case the width of 6:65 mm provides 140 nm bandwidth. The maximum delay is 2N x d where N x is the number of CCD pixels in the delay direction (vertical direction in here) and d is the depth of staircases as shown in Fig. 4 . Therefore, the pixel resolution is limited to the inverse of this delay, and for the set-up presented (1/5.32 mm) ¼ 1.9 cm À1 is the pixel resolution. The recorded spectrums of a halogen light source and a light emitting diode (LED) with the proposed spectrometer are shown in Fig. 5 below. The black solid lines indicate the recorded spectrum with our device and the dashed lines indicates the spectrum recorded with OceanOptics' HR4000 spectrometer. There is a good agreement with the recorded spectrums of the two, the slight discrepancy of the recorded spectrums is currently under investigation.
In another experiment, Fig. 6 shows the recorded CCD images when green and red He-Ne lasers were both present in the input. The calculated spectrum is shown in Fig. 7 , where the peaks are at 532 nm for the green laser and 632.8 nm for the red laser.
In conclusion, a compact, high-resolution and potentially broadband static-FTS based on bandpass sampling is demonstrated. The experimental spectrometer functions as a hybrid dispersive and a static FT spectrometer and has 140 nm bandwidth with 1.9 cm À1 resolution. If we consider only the dispersive part, the pixel resolution would have been 0.11 nm or 3.5 cm À1 . While using the static-FTS, the pixel resolution of the device depends on the inverse of maximum delay and it is roughly 0.05 nm or 1.9 cm À1 . However, at the end, overall optical resolution will be determined by the pixel resolution times the dispersion of the system which depends on the optics in front of the interferometer, such as the pinhole size, the properties of the curved mirror, and the grating pair.
The device bandwidth and the resolution are limited by the CCD camera dimensions; in this work we used a 1.3 MP PixeLINK CCD camera with a CCD array size of 6.65 Â 5.32 nm. However, the method is scalable such that increasing the CCD dimensions will increase the bandwidth and the resolution of the spectrometer. The minimum detectable power with the current set-up is about 50 mW in 50 ms of recording time.
The proposed spectrometer is a combination of a static-FTS and dispersive spectrometer; therefore, it carries both advantages and disadvantages of either spectrometer.
The broadband advantage is due to the dispersive part, while the high-speed and high-resolution advantages come from the FTS part. Although all FTSs require some aperture to control the convergence of the beam in the interferometer, this is more of an issue here. In our static-FTS, we have to enlarge and collimate the beam in both dimensions; therefore, it has to go through a pinhole beforehand. Consequently, low throughput disadvantage appears. For a given pinhole size, throughput will depend on the bandwidth of the signal, since the narrow band signals can be focused in a smaller area.
Furthermore, this spectrometer has a mixture of a multiplex advantage within a segment and a multichannel advantage in that it collects segments simultaneously. Considering the shot noise of the CCD, calculations show that for broadband signals, traditional FTSs and our proposed FTS have a similar S/N ratio performance. 18 However, for the narrowband signals, the traditional FTSs show ffiffiffiffiffi M p times better S/N ratio performance than the static-FTS proposed. As far as the dispersive spectrometers with CCD arrays are concerned, from the CCD point of view, the S/N ratio performance of our spectrometer is the same as the dispersive spectrometers since each segment is detected independently. 
